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Fig. 2 Dependence of tangential momentum accom-
modation coefficient on / for V < 0.1.

6'(z,0) can be determined analytically from the trajectory
geometry for given values of the size ratio I = L/d.

The evaluation of the slip velocity and surface shear stress
was done numerically using an IBM 7040/7094 computer, and
the results are given in Table 1 and Fig. 2 for thirty I — V
pairs. The slip velocity and shear stress are presented in
terms of the slip coefficient C; = w,/U and the drag coefficient
Cp = 7,/ipU% The tangential momentum accommodation
coefficient o is related to C; and Cp by 6 = 0, = 2(1 — C))
and o = op = 72V (Cp. Finally, as shown in Fig. 1, a given
collisional trajectory can involve either one or two impact
points, depending on the values of x, 6 and I [for [ < (2)2].
The integrals in Eqs. (3) were separated into contributions
from the two cases, and fi, the fraction of molecules which
undergo only one impact, and Fi, the fraction of the collision
rate involving one impact, were computed.

The significance of the trends in the results is generally evi-
dent from Table 1, but a few observations seem worthy of
emphasis. For low plate velocities, i.e., for V between 0.001
and 0.1, the slip coefficient and number density are inde-
pendent of V for a given I, while the drag coefficient is in-
versely proportional to V. We note that this range of V cor-
responds to plate velocities up to about 100 fps for gases at
room temperature. It must be remembered, however, that
the results are applicable to free molecule flow only, so that
the effect of plate speed could be quite different at higher
densities. Figure 2 shows the variation of the tangential
momentum accommodation coefficient with 7 for ¥V < 0.1.
One interesting result is the disparity between the values of
os and op. It is & common practice to determine the value
of ¢ from a measured value of either C, or Cp and then to use
this value to calculate the other coefficient. The results of
our analysis indicate that this procedure, which amounts to
assuming that o, = op, can lead to appreciable errors, espe-
cially if L > d.

Finally, the comparison between the caleulated and experi-
mental values of ¢ with the parameter [ is physically reason-
able for all cases investigated, although the calculated magni-
tudes of o are generally lower than those found experimen-
tally. Experimental values in excess of 0.9 have been found
for a variety of surfaces,’? although values as low as 0.6 have
been reported.? By contrast, the caleulated values of op
vary from 0.22 to 0.56 in the range I = 0.8 — 1.2 typical of
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most surfaces. This disparity is probably the result of several
factors. First, there is the experimental difficulty, typified by
the wide range of reported values for o, of accurate control
and determination of the state of the surface. Second, there
is the theoretical idealization made here concerning the two-
dimensional, single-crystal nature of the surface. The con-
sequences of this assumption, unlike those of the immobility
of the surface atoms, have not been discussed in detail in the
literature. That the calculated accommodation coefficients
are low relative to typical measured values suggests that the
polycrystalline nature of real surfaces has an appreciable
effect on tangential momentum transfer at gas-solid inter-
faces.
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Relationship between Temperature and
Velocity Profiles in a Turbulent
Boundary Layer along a Supersonic
Nozzle with Heat Transfer

L. H. Back* anp R. F. CurreLf
Jet Propulsion Laboratory, Pasadena, Calif.

Nomenclature
¢, = specific heat
¢ = friction coefficient, (¢s)/(2) = (7)/(pcut?)
H = enthalpy
M = Mach number
p = pressure
¢ = heat flux to wall
r = nozzle radius
r, = throat radius of curvature
ry = throat radius
St = Stanton number, ¢/(How — Hu)pae
T = temperature
4 = velocity parallel to wall
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u, = friction velocity, [(7w)/(pw)]*/2

z = distance along wall

y*+ = dimensionless distance normal to wall, (puti-y)/ (sew)
z = axial distance

a = thermal diffusivity

8 = acceleration parameter

v = specific heat ratio

e = eddy diffusivity for heat transfer
em = eddy diffusivity for momentum
§ = momentum thickness

u = viscosity

» = kinematic viscosity

¢ = coordinate along surface

p = density

T+ = wall shear stress

& = energy thickness

Subscripts

aw = adiabatic wall condition
= freestream condition

= reservoir condition

= stagnation condition
wall condition

g o

I

Introduction

T has been realized for a long time that in either laminar or
turbulent boundary layers in gas flows the Crocco relation-
ship between total temperature and velocity profiles

(Te — Tw)/(Tw — Tw) = w/te

does not apply in pressure gradient flows with heat transfer
even if the wall is isothermal and the molecular or eddy dif-
fusivities for momentum and heat transfer are equal or nearly
equal. Instead, the relationship between the fotal tempera-
ture and velocity is generally expected to depend upon the
degree of flow acceleration (or deceleration) and the amount
of wall cooling (or heating), and may be influenced to some
extent by the flow speed, i.e., compressibility effect when the
molecular or eddy diffusivities are not the same.

In this Note the relationship between measured tempera-
ture and velocity profiles is presented for an accelerating,
turbulent boundary-layer flow of air through a cooled, con-
vergent divergent nozzle (Fig. 1). Boundary-layer measure-
ments were made upstream, along the convergent section, and
near the end of the divergent section where the flow is super-
sonic. These measurements span a relatively large flow speed
range, the inlet and exit Mach numbers being 0.06 and 3.7,
respectively. The operating conditions were such that the
boundary layer remained essentially turbulent, i.e., laminar-
ization did not oceur in the accelerating flow.* The wall was
cooled externally, the ratio of wall to stagnation temperature
being 0.43-0.56.

The measurements are also related to current interest in the
structure of very high speed turbulent boundary layers. For
example, measurements are often made near the exit of super-
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Fig. 2 Total temperature vs velocity profiles along the
nozzle py = 150 psia, Ty = 1500°R: —- Crocco relation;
— Laminar prediction Ref. 9; » = a, T,/Ty = 0.5, yoT, any
flow speed.

sonic nozzles with wall cooling (see the accumulation of avail-
able data shown in Ref. 2, Fig. 3 and other recent measure-
ments Ref. 3-6). The present measurements provide infor-
mation on the upstream history of the accelerating flow and
on the relationship of upstream profiles to the profile near the
nozzle exit.

Measurements

Boundary-layer surveys were made with a small flattened
Pitot tube and with thermocouple probes. In the convergent
section the thermocouple probe consisted of exposed bare
wires; whereas a shielded aspirating thermocouple probe was
used near the nozzle exit. Since the probes were in line
axially, they were moved from one axial location to another
from test to test. The Pitot tube was located 90° circum-
ferentially from the temperature probe. Further description
of the probes appears in Ref. 7. External measurements in-
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cluded wall static pressures and coolant-side wall tempera-
tures. Semilocal values of wall heat fluxes were determined
from calorimetric measurements. Confidence in the experi-
mental temperature and velocity profiles was established by
good agreement between the energy thicknesses computed
from the profiles and those calculated by applying the energy
integral relation along the nozzle by using the freestream flow
variables determined from the pressure measurements, and
the measured wall heat fluxes. The momentum integral re-
lation was also found to check well along the convergent sec-
tion where the boundary-layer measurements were close
enough to be able to make a check, and the friction coefficient
was estimated from the velocity profiles in the law of the wall
region. Discussion of the individual velocity and tempera-
ture profiles and the other measurements including these
checks is given in Ref. 7. The relationship between the tem-
perature and the velocity profiles is discussed herein.

Results

Nondimensional total temperature vs velocity profiles are
shown in Fig. 2. Upstream of the flow acceleration region
(Station #0), the temperature-velocity relationship is essen-
tially linear in the region where molecular transport is negli-
gible. This correspondence implies that the eddy diffusivi-
ties for momentum and heat transfer are nearly equal, i.e.,
€n =2 ¢ and for this situation the Croceco relation applies.
The value of y+ at the closest location to the wall is noted by
the strike line. At locations within the viscous sublayer
where molecular transport becomes important, the tempera-
ture profile would lie below the velocity profile because of the
larger molecular diffusivity for heat than momentum trans-
fer, i.e., @ = (1/0.7)». This is not evident in Fig. 2 because
of the height of the probes relative to the sublayer thickness,
but is apparent at lower pressures where the measurements
extend into the viscous sublayer.’

At subsequent stations in the acceleration region the tem-
perature profiles lie below the velocity profiles at a given
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distance from the wall. In the representation of Fig. 2 the
temperature-velocity relationship consequently bows pro-
gressively downward as one proceeds along the convergent
section (stations 1, 2, 3, and 4). The departure of the mea-
sured total temperature and velocity profiles from the Croceo
relation near the nozzle exit (station 5) where the Mach num-
ber is 3.6 is not much different than for the low speed profile
in the convergent section (station 4) where the Mach number
is 0.19.

The over-all behavior of the total temperature-velocity re-
lationship beyond the viscous sublayer is very similar to that
for a laminar boundary layer as indicated by the profiles
shown in Fig. 2 by solid lines. These profiles were obtained
from the locally similar solutions of Ref. 9 for a gas with equal
molecular diffusivities for momentum and heat transfer, » =
a, i.e., Prandtl number of unity. The laminar profiles depend
upon the acceleration parameter

7 Tto 25 due
T T, u, dE

z
where § = fo Delbstier2dT

and the amount of wall cooling 7./ T », but not on flow speed
since » was taken equal to . Thus the acceleration parame-
ter 8, which varies along the nozzle as shown in Fig. 1, is a
useful parameter that characterizes the relationship between
temperature and velocity profiles in nozzle flow. It arises
when either the laminar or turbulent boundary-layer equa-
tions are transformed by the Levy-Mangler transformation.
Herein 8 was calculated for one-dimensional isentropic ex-
ternal flow®

= _%—@%i(%> where T = (j'oxp.,dx)/p.e

The throat value is

o

B = [2(y + D]V (Ea/rn)
th (ro/run) V2

Values of 8 at each of the probe locations are indicated in Fig.
2 and hence the influence of B on the shapes of the profiles is
evident. Furthermore, at stations 4 and 5 values of § are the
same even though the flow speeds are vastly different, and
yet the profiles are nearly the same. This equivalence of pro-
files at the same value of 8 is evident for the turbulent bound-
ary layer as shown by the data as it is for a laminar boundary
layer as shown by the solid lines. Moreover, at each of the
probe locations the eddy diffusivities e, and e, could not have
been much different from one another in the turbulent bound-
ary layer because of the general correspondence with the
laminar profiles for which the molecular diffusivities are
equal, i.e., » = a. However, the laminar profiles are not ex-
pected to agree with the turbulent profiles in the viscous sub-
layer where molecular transport becomes important since
there, » % . This is evident at station 5, where the bound-
ary-layer measurements extend well into the viscous sub-
layer.

Heat-transfer results along with additional information re-
lated to the boundary layer appears in the table in Fig. 2.
Values of the energy thickness are larger than the momentum
thickness. Also in the acceleration region, the Stanton num-
bers St are smaller than the friction coefficients ¢;/2, the ratio
St/(c;/2) being about 0.7. These trends are consistent with
predictions for laminar boundary layers, e.g., Ref. 9. How-
ever it is not correct to infer the important quantity St/ (c;/2)
from the laminar predictions, e.g., a value of 0.4 is predicted
at B = 3 whereas the experimental value of 0.7 for the tur-
bulent boundary layer is considerably higher. This is be-
cause the temperature-velocity profile in the viscous sublayer
of an accelerating turbulent boundary layer lies above that
profile for laminar flow.
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Because of the agreement between the laminar and mea-
sured turbulent boundary-layer profiles there is merit in indi-
cating parametrically the effects of flow acceleration and
thermal boundary condition on laminar boundary layers since
the same trends may also be found in turbulent boundary
layers in the region beyond the viscous sublayer. These pre-
dicted profiles are shown in Fig. 3. Even for a small value of
B of 0.5, there is a noticeable difference from the Crocco rela-
tion. The profile at 8 of 20 would nearly correspond to the
throat condition for the nozzle investigated (Fig. 1), but with
a larger amount of wall cooling, i.e., T,/Tyw = 0.2. With
more wall cooling the profiles depart less from the Croceo rela-
tionship; the opposite is true for wall heating for which case
the velocity profiles have overshoot, e.g., see Cohen and
Reshotko.!!

Summary and Conclusions

The measured relationship between the total temperature
and velocity profiles in an accelerating turbulent boundary-
layer flow through a nozzle was found to differ from the Crocco
relation, with the amount of departure being dependent upon
an acceleration parameter 8 which is related to nozzle shape.
For accelerating flow the temperature-velocity relationship in
the region beyond the viscous sublayer was similar to that for
a laminar boundary layer and because of this correspondence,
the eddy diffusivities for heat and momentum transfer e, and
€. at each probe location are believed not to have differed
much from each other. Based on the agreement between the
laminar and measured turbulent boundary-layer profiles be-
yond the viscous sublayer, a rather large departure from the
Croceo relation is expected because of flow acceleration and
the thermal boundary condition, i.e., cooling or heating.
From these observations it does appear that previous investi-
gations of the structure of turbulent boundary layers made
near the exit of nozzles could have been influenced to some
extent by the pressure gradient that still existed at the loca-
tion of interest and/or by the upstream history of the flow
through the nozzle.
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Parametric Differentiation Method to
Structural Optimization Problems

A. V. SETLUR* aAnD M. P. Karoor*
Indian Institute of Technology, Kanpur, India

STRUCTURAL optimization problem can be cast as a
mathematical programing problem in the form,

min f(X) (1
subject to _
X)) <0 5=1,...,m

where X is a n-dimensional vector of design variables ., 1 =
1,2, ..., nand ¢g;(X) are the given constraints on the design.
The function f(X) is called the objective function and its
choice is governed by the nature of the problem. One of the
methods to obtain the solution of the constrained minimiza-
tion problem Eq. (1) is to solve a sequence of unconstrained
minimization problems of the form,

BX) = fX) —r 3 — )

ji=1 9;X)

where ® is the penalty function and r is an arbitrary penalty
parameter which in the limit goes to zero. Solution to several
structural optimization problems™? has been successfully ob-
tained by the sequential minimization of the penalty func-
tion ®. However, the discrete numerieal values chosen for
the penalty parameter r influences the rate of convergence of
this method.?*

This Note presents a parametric differentiation approach to
obtain the solution of Eq. (1). This is achieved through the
minimization of the function ®(X,r) where X is now treated to
be a function of the continuous parameter r. The uncon-
strained minimization problem is transformed by the classical
caleulus approach to a set of simultaneous nonlinear algebraic
equations. The latter, in turn is transformed to a set of
simultaneous linear differential equations with variable co-
efficients. The resulting initial value problem in ordinary dif-
ferential equations can be solved numerically to find X(r) for
r = 0 in order to give the solution of Eq. 1. The convergence
to the solution is geared to the uniqueness of the associated
first order initial value problem and thus is guaranteed.
This method ensures that the solution so obtained is only a
stationary point. In order to satisfy that the solution is a
minimum of Eq. (2), the matrix of second partials of & func-
tion at the solution should be positive definite. No addi-
tional efforts are required to formulate the matrix of the
second partials of ®@. This is obtained from a part of the algo-
rithm proposed here. A method is indicated to test the posi-
tive definiteness of this matrix which ensures the solution to
Eq. (1).

The numerical experimentation on the proposed method for
structural optimization problems is in progress.
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